Abstract. A Nikulin configuration is the data of 16 disjoint smooth rational curves on a K3 surface. According to results of Nikulin, the existence of a Nikulin configuration means that the K3 surface is a Kummer surface, moreover the abelian surface from the Kummer structure is determined by the 16 curves. A classical question of Shioda is about the existence of non isomorphic Kummer structures on the same Kummer K3 surface. The question was studied by several authors, and it was shown that the number of non-isomorphic Kummer structures is finite, but no explicit geometric construction of such structures was given. In the paper [15], we constructed explicitly non isomorphic Kummer structures on some Kummer surfaces. In this paper we generalize the construction to Kummer surfaces with a weaker restriction on the degree of the polarization and we describe some cases where the previous construction does not work.
Introduction
A (projective, as always in this paper) Kummer surface is obtained as the desingularization of the quotient of an abelian surface by an involution with 16 isolated fixed points. It is well known that Kummer surfaces are K3 surfaces and that their Picard number is at least 17, the rank 17 sub-group being generated by the 16 rational curves in the resolution of the 16 nodes and by the polarization. In [12] , Nikulin showed the converse, i.e. that a K3 surface containing 16 disjoint smooth rational curves (or (−2)-curves) is the Kummer surface associated to an abelian surface. Let X be a K3 surface; we call a Kummer structure on X an abelian surface A (up to isomorphism) such that X ≃ Km(A), and we call a Nikulin configuration a set of 16 disjoint smooth rational curves on X. By the result of Nikulin we have a bijection: A) ) is the Picard number of Km(A), i.e. the rank of the Néron-Severi group of Km(A). The answer is also negative if A is a generic principally polarized abelian surface, i.e. A is the jacobian of a curve of genus 2 and ρ(A) = 1. Then in [7, Theorem 1.5 ], Gritsenko and Hulek answered positively the question. They showed that if A is a generic (1, t)-polarized abelian surface with t > 1 then the abelian surface A and its dualÂ, though not isomorphic, satisfy Km(A) ∼ = Km(Â). In [9, Theorem 0.1], Hosono, Lian, Oguiso and Yau by using lattice theory showed that the number of Kummer structures is finite and for each integer N ∈ N * they construct a Kummer surface of Picard number 18 with at least N Kummer structures. Moreover in [13, Example 4.16 ], Orlov showed that if A is a generic abelian surface (i.e. ρ(Km(A)) = 17) then the number of Kummer structures is 2 ν where ν is the number of prime divisors of 1 2 M 2 , where M is an ample generator of the Néron-Severi group of A. For example if A is principally polarized we have that M 2 = 2 so that ν = 0 and we find again the fact that in this case there is only one Kummer structure. Observe that ν can be also defined as the number of prime divisors of
where L is the polarization induced by M on Km(A), (in particular L is orthogonal to the 16 rational curves ; it is easy to see that by changing the 16 rational disjoint curves, the number ν does not change).
In [15, Theorem 1], we constructed explicit examples of two Nikulin configurations C, C ′ such that the abelian surfaces A and A ′ associated to these two configurations are not isomorphic. These examples are for generic Kummer surfaces, such that the orthogonal complement of the 16 rational curves in C is generated by a class L such that L 2 = 2k(k + 1) for some integer k (we give a motivation for this restriction in the Appendix of this paper).
The main goal of this paper is to provide a generalization of that result to other Kummer surfaces. For that aim, let t ∈ N be an integer and let X be a generic Kummer surface with a Nikulin configuration C such that the orthogonal complement of the 16 (−2)-curves A 1 , . . . , A 16 in C is generated by L with L 2 = 4t. A class C of the form C = βL − αA 1 with β ∈ N * has self-intersection C 2 equals to −2 if and only if the coefficients (α, β) satisfy the Pell-Fermat equation
There is a non-trivial solution if and only if 2t is not a square. Let us suppose that this is the case. Then there exists a so-called fundamental solution which we denote by (α 0 , β 0 ). Our main result is as follows: Given two abelian surfaces A and B such that Km(A) ∼ = Km(B) are then A and B isogenous ?
The answer is positive and certainly well known, in particular to people working on derived categories on abelian surfaces, for convenience we give here a short proof: Proposition 2. Let A and B abelian surfaces such that the associated Kummer surfaces are isomorphic, then A and B are isogenous abelian surfaces. and LA i = 0, i ∈ {1, . . . , 16}. The Néron-Severi group of X = Km(B) satisfies: ZL ⊕ K ⊂ NS(X), where K denotes the Kummer lattice (the lattice generated by the 16 disjoint (−2)-curves A i ) which is a negative definite lattice of rank 16 and discriminant 2 6 . For B generic among polarized Abelian surfaces rk(NS(X)) = 17 and NS(X) is an overlattice of index two of ZL ⊕ K which is described precisely in [6, Theorem 2.7] , in particular we will use the following result: 
. These three conditions are respectively
, the first express that A ′ 1 is a (−2)-class, the second that this (−2)-class is disjoint from the polarisation L ′ , which must have the same square as L, the third that L 2 = L ′2 . We will use that last condition to show that A ′ 1 can be represented by an irreducible curve. Proof. Suppose that 2t = u 2 with u ∈ N, then the first equation is equivalent to (α − uβ)(α + uβ) = 1 and then α − uβ = ±1, α + uβ = ±1, which has no integer solutions since α, β ∈ N \ {0}. Let us suppose now that 2t is not a square. By the theory of the PellFermat equations, there exists a solution to the first equation of (2.1). Let (α, β) be such a solution, which we can suppose with α > 0, β > 0. By replacing a = 2t
since α 2 − 2tβ 2 = 1 and we search solutions with a > 0, b > 0, we obtain b = α. Then by the third equality, we get a 2 = 2t(α 2 − 1) and equality α 2 − 1 = 2tβ 2 implies a = 2tβ, therefore we obtain that
and finally the matrix
has determinant −1 and order 2.
2.2.
Cases when 2t is not a square : the Pell-Fermat equation α 2 − 2tβ 2 = 1. For any t ∈ N the Pell-Fermat equation
has a non-trivial solution if and only if 2t is not a square. Then there exists a fundamental solution (α 0 , β 0 ) ∈ N, such that for every other solution (α, β)
Remark 5. We observe that for a solution (α, β) of equation (2.2), the integer α is necessarily odd.
For t a positive integer such that 2t is not a square, we denote by (α 0 , β 0 ) the fundamental solution of α 2 − 2tβ 2 = 1. The following result shows that the density of integers t such that β 0 is even is at least 3 4 (we thank Joël Rivat for useful discussions on the following):
There is an infinite number of integers s such that the fundamental solution (α 0 , β 0 ) of α 2 − 8s 2 β 2 = 1 has odd β 0 . c) There is an infinite number of integers s such that the fundamental solution (α 0 , β 0 ) of α 2 − 8s 2 β 2 = 1 has even β 0 .
Proof. Let (α, β) be a solution of equation α 2 − 2tβ 2 = 1. Suppose that β is odd. Then β = ±1, ±3 mod 8, and one has β 2 = 1 mod 8. Since α 2 − 2tβ 2 = 1, one has α 2 = 1 + 2t mod 8. Since α is also odd, α 2 = 1 mod 8, thus 2t = 0 mod 8 and therefore t = 0 mod 4. That proves part a).
Let (x 1 , y 1 ) be the fundamental solution of x 2 − 2ty 2 = 1. For n ∈ Z, the integers ±x n , ±y n defined by
n are the solutions of equation x 2 − 2ty 2 = 1. Using that for any Pell-Fermat equation, the sequence (y n ) n≥1 is strictly increasing, we see that the fundamental solution of
is (x n , 1). Using part a), we remark that always ty 2 n = 0 mod 4. Take now t = 4, we therefore obtain result b). For n even, y n is even; let z n be such that y n = 2z n . The fundamental solution of
is (x n , 2) ; taking t = 4 as in the previous case, one obtains result c). 2.3. The β 0 odd case. Let (α 0 , β 0 ) be the fundamental solution of equation (2.2). Let us suppose that β 0 is odd and let us define
Proof. Suppose that A ′ 1 is irreducible. Then we have two Nikulin configurations
Since both configurations are 2-divisible, the divisor
is an integral class. Since α 0 is odd and β 0 is odd too we get that L 2 ∈ NS(X) which is not possible by Lemma 3 and since we assume that L is primitive in NS(X).
We will come back to this case in Subsection 3.1 with an example when β 0 is odd.
2.4.
The β 0 even case. Let (α 0 , β 0 ) be the fundamental solution of equation (2.2). We assume in this section that β 0 is even and we define as in Section 2.2 the classes: Apart from the trivial cases of curves Γ = A i , one can suppose u > 0. If Proof. By [14, Section 3.8] either |3L ′ | has no fixed part or 3L ′ = aE + Γ, where |E| is a free pencil, and Γ a (−2)-curve with EΓ = 1. However if EΓ = 1, then 3L ′ E = aE 2 + 1, but since E 2 = 0 this is impossible. Thus |3L ′ | has no fixed part; moreover by [19, Corollary 3.2] , it has then no base points.
Let us prove that the morphism φ 3L ′ has degree one, i.e. that |3L ′ | is not hyperelliptic (see [19, Section 4] ). By loc. cit., |3L ′ | is hyperelliptic if there exists a genus 2 curve C such that 3L ′ = 2C or there exists an elliptic curve E such that (3L ′ )E = 2. Suppose we are in the first case. Since C 2 = 2, one has 9 · 4t = 8, which is impossible. The second alternative is also readily impossible. Thus the morphism φ 3L ′ has degree one. Moreover since 3L ′ A ′ 1 = 3L ′ A 2 = · · · = 3L ′ A 16 = 0, the 16 divisors are contracted by φ 3L ′ .
We obtain: Corollary 11. Suppose that β 0 is even. The divisor A ′ 1 is an irreducible (−2)-curve.
Proof. Since A ′2 1 = −2 and LA ′ 1 ≥ 0, by Riemann-Roch Theorem we can assume it is effective. Let B be one of the divisors A ′ 1 , A 2 , . . . , A 16 . One has 3L ′ B = 0, thus the linear system |3L ′ | contracts B to a singular point. Since the Picard number of the K3 surface X = Km(B) is 17, that singularity must be a node and therefore A ′ 1 is irreducible. 2.5. Two Kummer structures in case β 0 even. Let (α 0 , β 0 ) be the fundamental solution of equation (2.2). We suppose that β 0 is even. Let us prove that the Nikulin configurations
defines two distinct Kummer structures, by [15, Proposition 21] this is equivalent to prove the following result:
Theorem 12. Suppose that t ≥ 2. There is no automorphism f of X sending the configuration C =
i=2 A i . In order to prove Theorem 12 let us suppose that such an automorphism f exists. The group of translations by the 2-torsion points on B acts on X = Km(B) and that action is transitive on the set of curves A 1 , . . . , A 16 . Thus up to changing f by f •t (where t is such a translation), one can suppose that the image of A 1 is A ′ 1 . Then the automorphism f induces a permutation of the curves A 2 , . . . , A 16 . The (−2)-curve
is orthogonal to the 15 curves A i , i > 1 and therefore its class is in the group generated by L and A 1 . We can write the (−2)-class in NS(X) as A ′′ 1 = λA 1 + µL for coefficients λ, µ ∈ Z . The integers λ, µ satisfy the Pell-Fermat equation
Let us prove: 
and we obtain 
we obtain
Then we compute that Proof. The class f * L is orthogonal to the rank 16 lattice generated by A ′ 1 , A 2 , . . . , A 16 , thus this is a multiple of the class L ′ = β 0 L − α 0 A 1 which has the same property. Since both classes have the same self-intersection and are effective, we get f * L = L ′ ; by the same reasoning, since f * A ′ 1 = A 1 , we get f * L ′ = L. By [6, Proposition 4.3] , the divisor
is also ample and so is D +f * D. Moreover D + f * D is invariant by f , thus by [8, Proposition 5.3.3] , the automorphism f has finite order. Up to taking a power of it, one can suppose that f has order 2 m for some m ∈ N * . Suppose m = 1, i.e. f is an involution. Then the integral class
(recall that β 0 is even and α 0 is odd) is fixed; there are curves A i , i > 1 such that f (A i ) = A i (say s of such curves; necessarily s is odd) and f permutes the remaining curves A j by pairs (there are s ′ = 1 2 (15 − s) such pairs). Let Γ be the lattice generated by the classes A i fixed by f , by
. It is a finite index sub-lattice L of NS(X) f , the fix sub-lattice of the Néron-Severi group. The discriminant group of L is
Since in NS(X) there is at most a coefficient
If f was nonsymplectic, then M = NS(X) f would be a 2-elementary lattice (see [1] ; it means that the discriminant group M * /M ≃ (Z/
3).
The case (α 0 , β 0 , t) = (3, 2, 1) is excluded since we suppose t ≥ 2. The case (α 0 , β 0 , t) = (5, 2, 3) has been studied and excluded in [15, Theorem 19] .
We therefore proved that for any t > 1, f must be symplectic. A symplectic automorphism acts trivially on the transcendental lattice T X , which in our situation has rank 5. Therefore the trace of f on H 2 (X, Z) equals 6 + s > 6. But the trace of a symplectic involution equals 6 (see e.g. [20, Section 1.2]). This is a contradiction, thus f cannot have order 2 and the integer m (such that the order of f is 2 m ) is larger than 1.
The automorphism g = f 2 m−1 has order 2 and g(
There are curves A i , i > 1 such that f (A i ) = A i (say s of such curves, s is odd since A 1 is fixed) and the remaining curves A j are permuted 2 by 2 (there are s ′ = 1 2 (15 − s) such pairs). Let similarly as above L ′ be the sub-lattice generated by L, A 1 and the fix classes A i , A j + g(A j ). It is a finite index sub-lattice of NS(X) g and its discriminant group is
By the same reasoning as before, the automorphism g must be symplectic as soon as t > 1. However the trace of g is 8 + s > 6, thus g cannot be symplectic either. Therefore we conclude that such an automorphism f does not exist.
further examples
3.
1. An example of a Nikulin configuration when β 0 is odd. Let us study the t = 4 case. Then the fundamental solution (α 0 , β 0 ) equals (3, 1) . This is the first case with β 0 odd (see Table in the Appendix). We have
and we already know that A ′ 1 is not irreducible. In order to understand better what is happening, let us define
, where the classes A 2 , A 3 , A 4 are chosen so that the classes A ′′ j exists in NS(X) (which is possible by [6, Theorem 2.7] , since t = 0 mod 2). We compute that these are (−2)-classes i.e. A ′′2 j = −2. Moreover we have A 
thus a 2 ≤ 1 and a ∈ { We take that labelling and we define the classes
For j ∈ {1, ..., 4}, we define
and for j ∈ {5, ..., 8}, we define
These are (−2)-classes; they are effective since LB j > 0. We check moreover that Proof. We have B k A j = 0 for k ∈ {1, . . . , 8} and j ∈ {9, . . . , 16}. It remains to prove that B 1 , . . . , B 8 are irreducible. We compute that
The linear system |F k | defines a fibration ψ k : X → P 1 . Since F 1 A j = 1 for j ∈ {1, ..., 4}, the fibration ψ 1 has connected fibers. By the same kind of argument so is ψ 2 . For k ∈ {5, ..., 16}, let us define
(so that in fact B k = C k for k ∈ {5, ..., 8}). The divisor C k is an effective (−2)-class and the 12 divisors
are distinct singular fibers of ψ 1 , with A k C k = 2. We now use [3, Proposition 11.4, Chapter III]: the Euler characteristic of X (equal to 24) is the sum s e(f s ) of the Euler numbers of all the singular fibers. By the Kodaira classification of singular fibers of elliptic fibrations (see e.g. [3, Table 3 , Chapter V, Section 7]), the singular fibers f s = C k + A k for k ≥ 5 satisfy e(f s ) ≥ 2. Moreover, by the above cited Table, a singular fiber f s containing a smooth rational curve satisfies e(f s ) = 2 if and only if it is the union of two (−2)-curves D 1 , D 2 with D 1 D 2 = 2 and meeting transversally. Computing the Euler characteristic of X, we see that necessarily e(C k + A k ) = 2, for k ∈ {5, . . . , 16} and therefore the curves B k = C k k ∈ {5, ..., 8} are irreducible (−2)-curves. We proceed in a similar way with ψ 2 for the curves B k with k ∈ {1, ..., 4}, thus we obtain the result.
Remark 19. i) By the Proposition 18, we see that the elliptic fibration defined by F 1 contains 12 fibers of type I 2 . By general results on elliptic K3 surfaces, the rank ρ of the Néron-Severi group is 14 = 12 + 2 plus the rank of the Mordell-Weil group, which is the group generated by the zero section (we can take A 1 as zero section) and the sections of infinite order. Since we know that ρ = 17 we get that the rank of the Mordell-Weil group is three. That group contains the sections A 2 , A 3 and A 4 . The remark is similar for the fibration defined by F 2 . ii) On the K3 surface X we have two Nikulin configurations
We do not know if these configurations define two Kummer structures on X. We intend to come back on the subject later.
iii) It is also possible to check that the divisor L ′ = 3L − 2(A 1 + · · · + A 8 ) is big and nef, L ′2 = 8 and L ′ Γ = 0 for an effective (−2)-class Γ if and only if Γ is in {B 1 , . . . , B 8 , A 9 , . . . , A 16 }.
Appendix
Why it was natural to study the case t = 1 2 k(k + 1) in the paper [15] . Since α 2 = 1 + 2tβ 2 , the integer α is odd. Let k ∈ N be such that α = 2k + 1 (then one has A 1 A ′ 1 = 4k + 2). The integer β is then solution of the equation
which is equivalent to Thus 2t·4k(k +1) must be the square of an integer and it is therefore natural to define t = 1 2 k(k + 1).
Then one computes easily that a = 2k(k + 1) and β = 2. That was the cases we studied in [15] .
A table. We resume in the following table the solutions of the Pell's equation α 2 − 2tβ 2 = 1 for t ≤ 30. Recall that there are non-trivial solutions if and only if 2t is not a square. Observe that when 2t = k(k + 1) the minimal solution is (2k + 1, 2), these correspond to Nikulin configurations studied in the paper [15] , we put a * close to these cases. Moreover we put a box around the cases with β odd, which are left out in this paper. 
